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We study the cosmology of the Randall-Sundrum brane-world where the Einstein-Hilbert action
is modified by curvature correction terms: a four-dimensional scalar curvature from induced gravity
on the brane, and a five-dimensional Gauss-Bonnet curvature term. The combined effect of these
curvature corrections to the action removes the infinite-density big bang singularity, although the
curvature can still diverge for some parameter values. A radiation brane undergoes accelerated
expansion near the minimal scale factor, for a range of parameters. This acceleration is driven by
the geometric effects, without an inflaton field or negative pressures. At late times, conventional
cosmology is recovered.
I. INTRODUCTION
The Randall-Sundrum II model [1] provides a simple
phenomenology for exploring brane-world gravity and as-
sociated ideas from string theory. Matter and gauge in-
teractions are localized on the brane, while gravity ac-
cesses the infinite extra dimension, but is localized at
low energies due to the warping (curvature) of the ex-
tra dimension. The cosmological generalization of the
Randall-Sundrum model is characterized by an uncon-
ventional evolution at early times, while standard cos-
mology is recovered at late times [2, 3].
The Randall-Sundrum model is based on the Einstein-
Hilbert action in five dimensions. This gravitational ac-
tion can be generalized in various ways. Two important
generalizations have been considered recently. The first
is a four-dimensional scalar curvature term in the brane
action. This induced gravity correction arises because
the localized matter fields on the brane, which couple
to bulk gravitons, can generate via quantum loops a lo-
calized four-dimensional world-volume kinetic term for
gravitons [4, 5]. The second is a Gauss-Bonnet correc-
tion to the five-dimensional action. This gives the most
general action with second-order field equations in five
dimensions [6]. Furthermore, in an effective action ap-
proach to string theory, the Gauss-Bonnet term corre-
sponds to the leading order quantum corrections to grav-
ity, and its presence guarantees a ghost-free action [7].
The induced gravity model, with no brane tension (i.e.,
the brane is not self-gravitating) and no bulk cosmolog-
ical constant, leads to very different behaviour than the
Randall-Sundrum model. In the Randall-Sundrum case,
gravity becomes 5-dimensional at high energies, so that
general relativity is modified in the early universe. By
contrast, in the induced gravity case, corrections to gen-
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eral relativity become significant at low energies/ late
times, and the early universe evolution agrees with stan-
dard general relativity [5, 8]. When the brane tension
and bulk cosmological constant are included, the late-
time modifications persist, with less fine-tuning needed,
but further modifications are introduced [4, 9, 10, 11].
(Astrophysical implications of induced gravity have also
been considered [12].)
The Gauss-Bonnet model is like the Randall-Sundrum
model in the sense that modifications to general rela-
tivity arise in the early universe at high energies. The
graviton zero mode is also localized at low energies, as
in the Randall-Sundrum case [13]. The brane cosmol-
ogy of the Gauss-Bonnet theory has been investigated in
Refs. [14, 15, 16, 17, 18].
Here, we investigate the effects of the combined curva-
ture corrections, from both induced gravity and Gauss-
Bonnet. In some sense, these are the leading-order cor-
rections to the gravitational action, and there is no ob-
vious way to argue that one effect is dominant over the
other. Indeed, the corrections operate at different energy
levels. Induced gravity introduces intriguing late-time
modifications, which can accelerate the universe even in
the absence of dark energy [8, 11]. However, one expects
that string-theory type modifications to the Einstein-
Hilbert action must also operate at early times, and so
it is sensible to incorporate the Gauss-Bonnet correction.
Furthermore, there are indications that the induced grav-
ity model may suffer from strong coupling effects at inter-
mediate scales [19]. Adding a Gauss-Bonnet correction
may remove or alleviate this problem.
The Gauss-Bonnet correction significantly changes the
bulk field equations, whereas the induced gravity correc-
tion is 4-dimensional and does not affect the bulk solution
away from the brane. The induced gravity effects are
felt via the junction conditions at the brane boundary
of the Z2-symmetric bulk, and lead to modifications in
the brane Friedmann equation (in addition to the Gauss-
Bonnet modifications).
At early times, the Randall-Sundrum model gives an
unconventional cosmology, with the Hubble rate H scal-
2ing as ρ, rather than ρ1/2 as in general relativity. The
Gauss-Bonnet correction to this picture changes the ρ de-
pendence of H to ρ2/3, and therefore an infinite-density
big bang is encountered, as in the Randall-Sundrum case.
The combined effect of Gauss-Bonnet and induced grav-
ity modifications eliminates the infinite-density solutions,
because the scale factor is bounded. However, the initial
curvature may diverge since there is a range of param-
eters for which the solutions start their evolution with
infinite acceleration. In the low-energy regime of these
solutions, the standard cosmology is recovered (with pos-
itive Newton constant).
The paper is organized as follows. In Sec. II, we give
the most general action which incorporates the induced
gravity and Gauss-Bonnet corrections, and we derive the
modified Friedmann equation. In Sec. III, we discuss the
cosmology arising from this equation, and Sec. IV gives
our conclusions.
II. FRIEDMANN EQUATION ON THE BRANE
For convenience and without loss of generality, we can
choose the extra-dimensional coordinate y such that the
brane is fixed at y = 0. The total gravitational action is
Sgrav =
1
2κ25
∫
d5x
√
−(5)g
{
(5)R− 2Λ5 + α
[
(5)R2
− 4 (5)RAB (5)RAB +(5)RABCD (5)RABCD
]}
+
r
2κ25
∫
y=0
d4x
√
−(4)g
[
(4)R− 2Λ4
]
, (1)
where the Gauss-Bonnet coupling α has dimensions
(length)2 and is defined as
α =
1
8g2s
, (2)
with gs the string energy scale, while the induced-gravity
crossover length scale is
r =
κ25
κ24
=
M24
M35
. (3)
Here, the fundamental (M5) and the four-dimensional
(M4) Planck masses are given by
κ25 = 8piG5 =M
−3
5 , κ
2
4 = 8piG4 = M
−2
4 . (4)
The brane tension is given by
λ =
Λ4
κ24
, (5)
and is non-negative. (Note that Λ4 is not the same as
the cosmological constant on the brane.)
We assume there are no sources in the bulk other than
Λ5. Varying Eq. (1) with respect to the bulk metric
(5)gAB, we obtain the field equations:
(5)GAB − α
2
[
(5)R2 − 4 (5)RCD (5)RCD
+ (5)RCDEF
(5)RCDEF
]
(5)gAB
+ 2α
[
(5)R (5)RAB − 2 (5)RAC (5)RBC
− 2 (5)RACBD (5)RCD + (5)RACDE (5)RBCDE
]
= −Λ5 (5)gAB + κ25 (loc)TAB δˆ(y) , (6)
where (4)gAB =
(5)gAB − nAnB is the induced metric on
the hypersurfaces {y = constant}, with nA the normal
vector. The localized energy-momentum tensor of the
brane is
(loc)TAB ≡ (4)TAB − λ (4)gAB − r
κ25
(4)GAB , (7)
and we have used the normalized Dirac delta function,
δˆ(y) =
√
(4)g/ (5)g δ(y).
The pure Gauss-Bonnet correction is the case r = 0,
the pure induced gravity correction is the case α = 0,
and the Randall-Sundrum case is r = 0 = α.
To determine the Friedmann equation on the brane,
one can project the five-dimensional Einstein equations
to four dimensions, following the approach of [11, 20].
This is a difficult task because of the presence of the
Lovelock tensor. An easier approach is to solve the 5-
dimensional field equations in suitable coordinates and
impose the junction conditions, following the Randall-
Sundrum case [2], as generalized to the Gauss-Bonnet
case in Ref. [15].
A homogeneous and isotropic brane at fixed coordinate
position y = 0 in the bulk is given by the five-dimensional
line element
(5)ds2 = −N2(t, y)dt2 +A2(t, y)γijdxidxj
+B2(t, y)dy2 , (8)
where γij is a constant curvature three-metric, with cur-
vature index k = 0,±1, and N(t, 0) = 1, so that t is
proper time along the brane. The presence of the four-
dimensional curvature scalar in the gravitational action
does not affect the bulk equations. If we define
Φ =
1
N2
A˙2
A2
− 1
B2
A′ 2
A2
+
k
A2
, (9)
then Eq. (6) reduces to [15]
A˙
A
N ′
N
+
A′
A
B˙
B
− A˙
′
A
= 0 , (10)
Φ + 2αΦ2 =
Λ5
6
+
C
A4
, (11)
where C is an integration constant, giving the mass of
the bulk black hole. (The bulk reduces to Schwarzschild-
AdS5 if α = 0 and to AdS5 if α = 0 = C.)
3The solutions of the bulk equations for Eq. (8) [16]
fall into two classes: either the fine-tuning Λ5 = −3/4α
holds, or it does not, in which case the unique solution is
the black hole solution found and discussed in Ref. [21].
Assuming that the matter on the brane is a perfect
fluid, and using the matching conditions for a braneworld
in Gauss-Bonnet gravity [22], the jump of the (00) com-
ponent of Eq. (6) across the brane gives
2
r
[
1 + 4α
(
H2 +
k
a2
− A
′ 2
+
3a2b2
)]
A′+
ab
= −κ
2
4
3
(ρ+ λ) +H2 +
k
a2
, (12)
where a = A(t, 0), b = B(t, 0), H = a˙/a is the Hubble
rate, and 2A′+ = −2A′− is the discontinuity of the first
derivative. Equations (9) and (12) imply
4
r2
[
1 +
8
3
α
(
H2 +
k
a2
+
Φ0
2
)]2(
H2 +
k
a2
− Φ0
)
=
[
H2 +
k
a2
− κ
2
4
3
(ρ+ λ)
]2
, (13)
where Φ0 = Φ(t, 0). This is a cubic equation for
H2 + k/a2, and its real solution will give the Friedmann
equation of induced gravity with a Gauss-Bonnet term
in the bulk.
In the limit r → 0, Eq. (13) becomes
[
1 +
8
3
α
(
H2 +
k
a2
+
Φ0
2
)]2(
H2 +
k
a2
− Φ0
)
=
κ45
36
(ρ+ λ)2 . (14)
The single real solution of this cubic which is compati-
ble with the α → 0 limit of Eq. (14), is the Friedmann
equation with Gauss-Bonnet correction [16]
H2 +
k
a2
=
1
8α
(
−2 + 64I
2
J
+ J
)
, (15)
where the dimensionless quantities I, J are given by
I =
1
8
(1 + 4αΦ0) = ±1
8
[
1 +
4
3
αΛ5 +
8αC
a4
]1/2
, (16)
J =
[
κ25
√
α√
2
(ρ+ λ) +
√
κ45α
2
(ρ+ λ)2 + (8I)3
]2/3
.(17)
The negative sign in Eq. (16) does not provide the correct
α→ 0 limit.
In the other limit, α→ 0, Eq. (13) yields
4
r2
(
H2 +
k
a2
− Φ0
)
=
[
H2 +
k
a2
− κ
2
4
3
(ρ+ λ)
]2
. (18)
The solution is the Friedmann equation of the induced
gravity model [4, 9, 10, 11]
H2 +
k
a2
=
κ24
3
(ρ+ λ) +
2
r2
± 1√
3r
[
4κ24(ρ+ λ) − 2Λ5 +
12
r2
− 12C
a4
]1/2
. (19)
[The ± sign is independent of that in Eq. (16).]
Returning to the general case of both curvature correc-
tions, we need the real solution of Eq. (13) in the simplest
possible form. We define the dimensionless parameter
β =
256α
9r2
, (20)
and the dimensionless variables
P = 1 + 3βI , (21)
Q = β
[
1
4
+ I +
κ24α
3
(ρ+ λ)
]
, (22)
X = β
[
1
4
+ I + α
(
H2 +
k
a2
)]
. (23)
Then, Eq. (13) takes the form
X3 − PX2 + 2QX −Q2 = 0. (24)
The single real solution of this equation which is compat-
ible with the α→ 0 limit of Eq. (13), i.e. with Eq. (19),
is
X =
P
3
− 2
3
√
P 2 − 6Q cos
(
Θ± pi
3
)
, (25)
where
Θ(P,Q) =
1
3
arccos
[
2P 3 + 27Q2 − 18PQ
2(P 2 − 6Q)3/2
]
. (26)
This solution corresponds to the positive sign in Eq. (16),
while the negative sign does not provide the correct α→
0 limit [27]. The ± sign in Eq. (25) is the same as that
in Eq. (19). The region in (P,Q)-space for which Eq. (25)
is defined, is
1 ≤ P < 4
3
, (27)
2[ 9P − 8− (4− 3P )3/2 ] ≤ 27Q
≤ 3P [ 3−
√
3(3− 2P ) ] . (28)
(These conditions imply that Q ≥ 0, X ≥ 0, 0 < Θ ≤
pi/6.)
Finally, we can write the Friedmann equation of
the combined Gauss-Bonnet and induced gravity brane-
world as
H2 +
k
a2
=
4− 3β
12βα
− 2
3βα
√
P 2 − 6Q cos
(
Θ± pi
3
)
. (29)
4This has a very different structure than its limiting forms,
Eqs. (15) and (19). A closed system of equations for the
brane-world follows from the jump of the linear equa-
tion (10), which gives the conservation law,
ρ˙+ 3Hρ(1 + w) = 0 , (30)
where w = p/ρ ≥ −1 and ρ ≥ 0. If w is constant, then
ρ = ρ0(a0/a)
3(1+w), and we can choose a0 = 1.
In cases where some particular fine-tuning of the form
αΛ5=constant, or αC=constant is satisfied, then, as we
can directly check, none of the solutions of Eq. (13)
gives Eq. (19) in the limit α → 0. This is actually ex-
pected, since under such fine-tunings, the Gauss-Bonnet
term cannot be considered as a perturbation of the back-
ground theory, and the limit α → 0 is accompanied by
divergences of the bulk vacuum energy Λ5 or the bulk
black hole mass C. However, the brane-world cosmology
of these cases is still governed by Eq. (13), with explicit
solutions depending on the considered region of (P,Q)-
space. The fine-tuning αΛ5 = −3/4 characterizes the
first class of bulk solutions found in Ref. [16]. This is
also the case of Chern-Simons gravitational theory, with
1/|Λ5| being the scale of the (A)dS gauge group (see e.g.
Ref. [23]), while black hole solutions of the theory have
been found in Ref. [24]. We do not discuss these situa-
tions further here.
III. COSMOLOGICAL DYNAMICS
The dimensionless variable P is a function of I and car-
ries the information of the bulk onto the brane, since by
Eq. (16) it depends on the bulk cosmological constant Λ5
and the mass C of the bulk black hole. The dimensionless
variable Q includes information about the matter and en-
ergy content of the brane. These are the key variables
determining the cosmological dynamics.
The four-dimensional scalar curvature term of the in-
duced gravity and the Gauss-Bonnet term in the five-
dimensional space are all curvature corrections to the
Randall-Sundrummodel. One could be led to expect that
r2 and α are of the same order. However, this is not nec-
essarily true. The crossover scale r of the induced gravity
appears in loops involving matter particles, and depend-
ing on the mass, it can be arbitrarily large. On the other
hand, the Gauss-Bonnet coupling α arises from integrat-
ing out massive string modes, and depending on the scale
of the theory, it can also be arbitrarily large. The dimen-
sionless parameter β measures the relative strengths of
induced gravity and Gauss-Bonnet corrections. In prin-
ciple, β can take any positive value. However, since the
last term of Eq. (29) is non-positive, we have an upper
bound on β for k ≥ 0,
α
r2
≤ 3
64
for k ≥ 0 . (31)
A. No infinite-density big bang
An important feature arises from inequalities (27) and
(28), which show that P and hence Q are bounded from
above. Furthermore, Eqs. (21) and (27) show that I is
bounded from above (and positive). Therefore, it follows
from Eq. (22) that the energy density ρ cannot become
infinite, which means that an infinite-density singularity
a = 0 is never encountered:
a(t) ≥ a0 > 0 , ρ(t) ≤ ρ0 <∞ . (32)
This is true independent of the spatial curvature k, or
the equation of state.
This result is remarkable since the Gauss-Bonnet cor-
rection, which is expected to dominate at early times,
on its own does not remove the infinite-density singular-
ity [15, 16, 18], while the induced gravity correction on its
own mostly affects the late-time evolution. However, the
combination of these curvature corrections is effectively
“nonlinear”, producing a result that is not obviously the
superposition of their separate effects. In general terms,
the early-universe behaviour is strongly modified by the
effective coupling of the 5D curvature to the matter [15].
It is certainly desirable to achieve singularity avoidance
via stringy- and quantum-type corrections, since we ex-
pect quantum gravity to remove the singularities of gen-
eral relativity. However, as we show below, the finiteness
of the maximum density at the minimal epoch a0 may be
accompanied by a divergence of the 4D curvature scalar
on the brane, depending on the parameters. (Similar be-
haviour has been previously noted in effective 4D string
gravity theories [25].) In this case, there is not full sin-
gularity avoidance, since the brane spacetime geometry
is undefined in the initial state.
In the pure Gauss-Bonnet theory (C ≥ 0), the early-
universe evolves from infinite density at a = 0. The
Friedmann equation (15) for C = 0, or for C > 0, w > 0,
is approximated by
H2 +
k
a2
≈
(
κ25
16α
)2/3
ρ2/3 . (33)
For w > 0, or for C = 0 = k, the density term dominates
the curvature term, and
a ≈ const× t1/(1+w) . (34)
The Gauss-Bonnet correction causes the universe to ex-
pand faster relative to Einstein gravity, for which a ∝
t2/3(1+w), and to the Randall-Sundrum model, for which
a ∝ t1/3(1+w). At the same time, a given energy density
produces a smaller expansion rate in the Gauss-Bonnet
case. This means that there is less Hubble friction for a
given potential than in general relativity, so that slow-
roll is more difficult to achieve. For the same reason,
scalar perturbations generated during slow-roll inflation
will have a smaller amplitude than those generated at the
same energy density in general relativity. This is opposite
to the Randall-Sundrum model [26].
5B. Geometric inflation in a radiation universe
We assume C > 0, i.e. there is a black hole present in
the bulk. Defining the acceleration variable f = a¨/a =
H˙ +H2, we obtain from Eqs. (29) and (30) that
f =
4− 3β
12βα
+
cos(Θ± pi/3)
3βα
√
P 2 − 6Q×
×
[
c1 + σ(1 − 3w) |(P − 1)2 − c2|3(1+w)/4
+ (P 2 − 6Q) Θ˙
H
tan
(
Θ± pi
3
) ]
, (35)
where
(P 2 − 6Q) Θ˙
H
=
=
1√
3
√
4Q(9P − 8)− 4P 2(P − 1)− 27Q2 ×
×
{
2 (2P − 9Q) [ (P − 1)2 − c2 ]
− 3σ(1 + w) [ 3Q− 2P (P − 1) ]×
× |(P − 1)2 − c2|3(1+w)/4
}
, (36)
and
c1 = −2 + β(3 + 4αΛ4)− 3β2(3 + 4αΛ5)/32 , (37)
c2 =
3
32
β2(3 + 4αΛ5) , (38)
σ = βακ24ρ0
(
8
9β2αC
)3(1+w)/4
. (39)
These equations are formidably complicated, and we
do not attempt an exhaustive analysis. Instead, we show
that for a radiation brane in the presence of a bulk black
hole, there is a range of parameters for which there is
inflationary expansion, f > 0, near a0.
For a radiation era, w = 13 ,
f =
4− 3β
12βα
+
cos(Θ ± pi/3)
3βα
√
P 2 − 6Q
×
×
[
c1 + (P
2 − 6Q) Θ˙
H
tan
(
Θ± pi
3
) ]
, (40)
where
(P 2 − 6Q) Θ˙
H
= 2 |(P − 1)2 − c2|×
× 4σP
2 − 2(2σ − 1)P − 3(2σ + 3)Q√
3
√
4Q(9P − 8)− 4P 2(P − 1)− 27Q2 . (41)
We assume that
Λ5 > − 3
4α
, (42)
and define the additional parameters
P1 = 1+
√
c2
2
, (43)
Q1 =
1
12
(
c1 + c2 + 2 + 2
√
2c2
)
, (44)
τ = Q1 − 1
3
(P1 − 1)− σ
3
(P1 − 1)2 . (45)
If the universe expands without limit, a → ∞, t → ∞,
then Eq. (42) is always satisfied, and P1, Q1 are the
asymptotic values of P,Q. For C > 0, the variable P
plays the role of a time parameter, since P (a) is mono-
tonically decreasing, with P > P1. Thus, in (P,Q)-space,
the cosmological evolution is determined by the curve
Q(P ) = Q1 +
P − P1
3
+
σ
3
[
(P − 1)2 + (P1 − 1)2
]
. (46)
There is a well-defined cosmological evolution when this
curve passes through the region defined by the inequali-
ties (27) and (28), which in turn depends on the values
of the parameters P1, Q1 and σ. A discussion analogous
to the previous one is also valid for C = 0.
One can verify that for C ≥ 0 there is a region of pa-
rameter space for which f is positive. The solutions with
0 < f0 < ∞ represent models that avoid a cosmologi-
cal singularity (in density and curvature), and undergo
accelerated expansion from a0. Furthermore, for C > 0,
there are solutions which have infinite acceleration at a0.
Indeed, when the curve Eq. (46) crosses the critical curve
Qc(P ) =
2
27
[
9P − 8− (4− 3P )3/2
]
, (47)
which annihilates the denominator appearing in Eq. (41),
then, there is infinite acceleration or deceleration, f0 →
±∞. This occurs if and only if either σ ≤ 3/2, 0 < τ <
(5 − σ)/27, or σ > 3/2, 0 < τ < (16σ2 − 12σ + 3)/48σ3.
A sufficient condition for the solutions with the + sign
in Eq. (29) to have infinite acceleration f0 is 1/10 < σ <
1/2, 0 < τ < (10σ−1)/12σ(2σ+3). These conditions on
σ and τ have non-empty intersection. The first condition
translates into bounds on the density in terms of the bulk
black hole mass and curvature coupling parameter:
9
80
β C < κ24ρ0 <
9
16
β C . (48)
The bulk black hole is crucial to the possibility of infi-
nite acceleration. For C = 0, one can show that f0 cannot
become +∞ for a radiation era. We also note that all the
above results hold independently of the spatial curvature
k of the universe.
The accelerating expansion at and near a0, that is
driven by geometric effects, serves as a “geometric” form
of inflation, very different from conventional scalar field
inflation. This could be interpreted as an alternative to
inflaton scenarios, based on a quantum-gravity correc-
tion. However, there remain two crucial caveats.
6(1) For k ≥ 0, there is no exit from acceleration for the
range of accelerating parameters σ, τ which give infi-
nite f0, in the radiation era. This can be seen, using
Eq. (29), from the fact that the sum of the first two
terms in Eq. (40) is always positive, since P 2 − 6Q is
monotonically decreasing, and the last term in Eq. (40),
proportional to Θ˙, is also positive. The range of σ, τ val-
ues gives only a sufficient condition for acceleration, and
we have not been able to characterize the whole para-
metric space (P1, Q1, σ, β). Therefore, it is still possible
that some parameters exist that lead to an exit from in-
flation.
(2) Those solutions with f0 → ∞ have a divergence of
the Ricci scalar R on the brane, even though the density
is finite. This is impossible in general relativity or the
Randall-Sundrum model, since in both cases R = −T ,
where T is the trace of the brane energy momentum ten-
sor. This simple relation breaks down when there are
curvature corrections, and the bulk curvature, interact-
ing with the brane curvature and matter, plays a decisive
role. Thus, the minimal epoch a0 marks a curvature sin-
gularity, and the brane spacetime geometry breaks down
there.
It is also worth reiterating that besides the solutions
with positive f0, there are solutions that are always de-
celerating.
The acceleration-deceleration behaviour of the pure
Gauss-Bonnet and the pure induced gravity models, is
very different. For the Gauss-Bonnet case, we find from
Eq. (15) that for C > 0 it is
f = − 1
4α
+
1
16α
(
1− 64I
2
J2
)(
2J +
J˙
H
)
+
16c˜2
αJ
, (49)
where
√
J
J˙
H
= − 2σ˜(1 + w) (I
2 − c˜2)3(1+w)/4√[
c˜1 + σ˜(I2 − c˜2)3(1+w)/4
]2
+ (8I)3
×
×
[
J3/2 +
512I
σ˜(1 + w)
(I2 − c˜2)(1−3w)/4
]
, (50)
with c˜1 =
√
ακ25λ/
√
2, c˜2 = (3 + 4αΛ5)/192, and σ˜ =
(
√
ακ25ρ0/
√
2)(8/αC)3(1+w)/4. In (I, J)-space, the curve
defining the evolution of the Gauss-Bonnet universe is
J(I) =
{
c˜1 + σ˜ (I
2 − c˜2)3(1+w)/4
+
√[
c˜1 + σ˜(I2 − c˜2)3(1+w)/4
]2
+ (8I)3
}2/3
.(51)
Here, I can play the role of time parameter, with I(a)
monotonically decreasing for C > 0. In the case C = 0,
similar expressions are valid. The only candidate quan-
tity in Eq. (49) for producing divergence in f is the term
2J + J˙/H . By carefully examining the various situa-
tions, we obtain the result that in the radiation era of
the Gauss-Bonnet universe there is no infinite accelera-
tion. In the combined theory, because there is no infinite-
density regime, the early universe behaviour cannot be
obtained by expanding for large ρ. On the contrary, in
the pure Gauss-Bonnet theory, equation (33) is the large
ρ expansion, from which we can see furthermore that
there is no initial acceleration, and for ρ→∞, R→ +∞.
Finally, the induced gravity equation (19) gives in the
radiation era:
f(ρ) =
κ24
3
(λ − ρ) + 2
r2
±
√
2√
3 r
(
2κ24λ− Λ5 +
6
r2
)
×
×
{
2κ24
[
λ+
(
1− 3 C
κ24ρ0
)
ρ
]
− Λ5 + 6
r2
}−1/2
.(52)
We see from Eqs. (19) and (52) that among the solu-
tions of the induced gravity model, there are some which
start with initial singularity a = 0, as in the conven-
tional model with f = −∞. Moreover, there is at least
one family of solutions for the branch with the + sign,
characterized by the conditions 2κ24λ − Λ5 + 6/r2 > 0,
κ24ρ0 < 3C and k ≤ 0, which start at a finite scale fac-
tor with infinite acceleration, qualitatively similar to our
model. Adopting the point of view that the character-
istics of infinite-density avoidance and initial infinite ac-
celeration are interesting cosmological features which are
still present in the combined induced gravity plus Gauss-
Bonnet model, we can say that the inclusion of the Gauss-
Bonnet term has improved the situation by eliminating
all the infinite-density solutions.
C. Late universe
For the parameters that allow a → ∞, Eq. (29) is
approximated as
H2 +
k
a2
≈ 4− 3β − γ
12βα
+ νκ24ρ , (53)
neglecting terms O(ρ4/3), where the dimensionless pa-
rameters γ and ν are
γ = 8
√
P 21 − 6Q1 cos
(
Θ1 ± pi
3
)
, (54)
ν =
2
3
√
P 21 − 6Q1
[
cos
(
Θ1 ± pi
3
)
+ sin
(
Θ1 ± pi
3
)
×
× 3Q1 + 2P1(1− P1)√
3
√
4Q1(9P1 − 8) + 4P 21 (1− P1)− 27Q21
]
, (55)
with Θ1 = Θ(P1, Q1).
First, we observe that the bulk black hole mass C does
not appear, which means that even if it is non-zero, it
decouples during the cosmological evolution and does not
7affect the late universe dynamics. The bulk is felt in the
late universe only through its vacuum energy Λ5.
Second, for the branch with the + sign in Eq. (29), be-
cause of the inequalities (27), (28), it follows that ν > 0.
Thus, although the last term in Eq. (29) is negative,
in the late-time limit it produces both a negative cos-
mological constant, −γ, which contributes to the total
cosmological constant, and a linear ρ term with posi-
tive Newton constant. For the branch with the − sign,
ν may be negative. Third, it is seen from the a → ∞
limit of Eq. (29) that the quantity 4 − 3β − γ is always
non-negative. Therefore, the conventional cosmology is
recovered with positive effective gravitational and cosmo-
logical constants:
Geff = 3νG4 , Λeff =
4− 3β − γ
4βα
. (56)
In the Gauss-Bonnet case, the late-universe limit of
Eq. (15) is
H2 +
k
a2
≈ Λeff
3
+
8piGeff
3
ρ , (57)
neglecting terms O(ρ4/3), where the effective constants
are
Λeff =
3
8α
(
−2 + 64I
2
1
J1
+ J1
)
, (58)
Geff =
G5
2
√
2α
√
J1
[
J21 − (8I1)2
J31 + (8I1)
3
]
. (59)
Here I1, J1 are the asymptotic values for a → ∞ of the
variables I, J , defined in terms of the parameters c˜1, c˜2
of the Gauss-Bonnet model by the relations I1 =
√
c˜2 ,
J1 = [ c˜1 +
√
c˜21 + (64c˜2)
3/2 ]2/3 . The previous remarks
concerning the non-appearance of C in the above equa-
tions, as well as the positivity of the effective Newton
and cosmological constants, are still valid.
When the brane tension is zero, the Friedmann equa-
tion (53) recovers the standard general relativity be-
haviour, since the coefficient ν in Newton’s constant re-
mains positive and nonzero if we set λ = 0. There-
fore, if both curvature corrections are combined, the con-
ventional cosmology is recovered, even for a tensionless
brane. On the contrary, in the pure Gauss-Bonnet equa-
tion (57), the brane tension is essential, since λ = 0 im-
plies Geff = 0. This is like the pure Randall-Sundrum
case, where positive brane tension is necessary in order
to recover the standard Friedmann equation [2, 20].
The late-time limit of the pure induced gravity Fried-
mann equation (19) gives the positive constants
Λeff = κ
2
4λ+
6
r2
±
√
6
r2
√
(2κ24λ− Λ5) r2 + 6, (60)
Geff = G4
[
1±
{
r2
6
(
2κ24λ− Λ5
)
+ 1
}−1/2]
. (61)
When there is no brane tension, and even no bulk cosmo-
logical constant, general relativity is still recovered [5].
IV. CONCLUSIONS
We studied the cosmology of a brane-world with cur-
vature corrections to the Randall-Sundrum gravitational
action, i.e. a four-dimensional curvature term of in-
duced gravity and a five-dimensional Gauss-Bonnet term.
The fundamental parameters appearing in the model are:
three energy scales, i.e. the fundamental Planck mass
M5, the induced-gravity crossover energy scale r
−1, and
the Gauss-Bonnet coupling energy scale α−1/2, and two
vacuum energies, i.e. the bulk cosmological constant Λ5
and the brane tension λ. These parameters determine
the cosmological evolution of the brane universe.
We derived the Friedmann equation of the combined
curvature effects, Eq. (29), which smoothly matches to
the induced gravity equation when the Gauss-Bonnet
term vanishes. This equation has a structure which is
quite different from its two limiting forms. All the so-
lutions of the cosmological model are of finite density,
independently of the spatial curvature of the universe
and the equation of state. This is remarkable, since the
Gauss-Bonnet correction on its own dominates at early
times and does not remove the infinite-density singu-
larity, while the induced gravity correction on its own
mostly affects the late-time evolution. However, the com-
bination of these curvature corrections produces an “in-
teraction” that is not obviously the superposition of their
separate effects. In general terms, the early-universe be-
haviour is strongly modified by the effective coupling of
the 5D curvature to the matter.
The late cosmological evolution of our model follows
the standard cosmology, even for zero brane tension, with
a positive Newton constant for one of the two branches
of the solutions and positive cosmological constant.
We also showed that a radiation brane can, for some
parameter values, undergo accelerated expansion at and
near the minimal scale factor, independently of the spa-
tial curvature of the universe. When there is a black hole
in the bulk, a subset of these solutions has infinite accel-
eration at a0, which signals the “birth” of an accelerated
universe at finite energy, but with a curvature singularity.
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